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Introduction
The manufacturing operations planning in the short term field is a widely studied area. There are many cases of research projects by considering the specific characteristics of a particular manufacturing system. These studies try to represent real-world cases offering support for future decision-making processes. The definition of lot-sizing problem (LSP) considers features and decision variables from the production and inventory control area, and their impact on the service level. Usually, the objective function for the LSP is to minimize the sum of the total holding costs, of the stock-out costs, and of the other costs which affect the operation of each system (Robinson et al., 2009; Jans and Degraeve, 2007) .
In particular, our problem considers several characteristics increasing the complexity of the traditional LSP. In this work, the proposed integer lineal programming model (ILP) considers a given planning time horizon, number of levels, number of products, several patterns of demand, holding inventory, backorders, and setups structures. Karimi et al. (2003) propose a general classification about the most frequent issues to consider in a lot-sizing problem. Different models by including one item for incapacitated and capacitated versions of the LSP have been proposed in Brahimi et al. (2006) . In particular, these models consider one product, few production stages, and known demands. Aksen et al. (2003) introduce the concept of immediate lost sales by considering inventory policies for a single product; while Absi and Kedad (2008) consider inventory policies for a multi-item capacitated model by adding setup times. Robinson et al. (2009); Jans and Degraeve (2007) , introduce three important concepts about inventory management: stock out, back-orders and holding costs. All of these approaches consider a dynamic demand environment.
Capacity constraints and relaxed demand constraints with a penalty are considered in Aksen (2007) . This relaxation includes variables to represent back-orders and inventory levels among different periods. Other mathematical approaches can be found in Abad (2000) . Toro et al. (2009) and Kovacs et al. (2009) propose set of constraints and variables to represent the multiple stage condition for the LSP. In these works, a new concept is introduced: scheduling with sequence-dependent setups. All conditions previously presented increase computational complexity with a major computational effort. Heuristic approaches for the LSP are proposed by Xie and Dong (2002) and Minner (2009) .
A production program in a multi-product environment must consider three fundamental aspects: i) the type of products to schedule, ii) the amount of products to produce, iii) the time to make the products.
The first aspect is generally solved by giving priority to an item close to stock out or to reorder point. The other two aspects are closely related, if small batches are scheduled. The way of scheduling lots, their sizes, and their frequencies, are the main causes of the final performance for the objective function. Setting larger lots imply a greater efficiency, but also imply more scheduling time for a single product at a given time. This decision could affect the responsiveness of the system.
In this paper, the considered real-world case has a batch system for the production of a bakery industry. Currently, different dry products (dough improvers, premixes, and sugar among others), and a wide range of liquid essences are produced. In general, these products represent about seventy different references with approximately two thousand tons annually. In addition, a two-stage multi-product environment with deterministic demands allowing back-orders and holding inventory is considered. Due to similarity inside each family of products, setups are considered as constants with an independent sequence.
Mathematical model
Let us introduce the following notation for the proposed ILP model: 
Decision variables
x ijkm : amount of product i scheduled in shift j of day k at machine m (kg) y jkm : 1 if shift j is scheduled in day k at machine m, 0 otherwise he jkm : overtime in shift j in day k at machine m (hr) f ik : backorder of product i in day k (kg) s ik : inventory of product i in day k (kg) wip ik : work in process of product i in day k (kg) w ijkm : 1 if product i is scheduled in shift j in day k at machine m, 0 otherwise
Objective function
The performance of the system is defined by three different sets of costs: holding costs, backorder costs, and overtime costs. The first set (holding costs) is related to the operations required to control and manage items, and to the financial value of investment in products, work in process and raw materials. The second set (backorder costs) is associated to the decreasing value defined by the final customer. Finally, the third set (overtime costs) is considered as a linear ratio which represents additional time for each machine. The objective function corresponds to the minimization of the equation (1):
(1)
Constraints
Constraints (2) ensure that the number of persons in each shift for each machine must not exceed the total available hard-work force.
(2) Constraints (3) limit the production capacity. The maximum capacity is expressed as the sums of the time available for each scheduled HT, and of the overtime, minus the sum of the setup time employed by each assigned product. These constraints are considered as production efficiency if the size of the programmed batch is larger, and the number of setups is smaller.
Constraints (4) add overtime according to the maximum number of possible hours.
Constraints (5), (6) and (7) make logical relations between shift programming and scheduled products during the available shifts by considering lot-size (which is set within the range [TML i , RP i ]), and setup time for each product.
(5)
Constraints (8) include back-orders and inventory control to keep inventory balance among days. The basic expression considered here is initial stock + productionrequired product = final inventory. The final inventory is shown as a linear combination of f ik and s ik . Indeed, only one of these set of variables will be activated each time, because the cost in the objective function.
Finally, the multi-period issue is restricted in (9). The final inventory for a given period k-1 is calculated.
Equations (10) and (11), represent the condition expressed in (9) for products belonging to the subset θ 
Products θ have two stage processes, which must be connected to ensure process flow and work in process. Constraints (12) described the first period, and constraints (13) described the multi-period stage.
(12)
Constraints (14) are the non-negativity constraints.
Computational results
Scenarios
Three different instances were selected to represent the behavior of the system and the relations between variables, constraints and parameters in the proposed model. These scenarios have different demands, initial stocks and production requirements. Table 1 shows the information of the initial stock, the overall demand, and the production requirement used by instances. Each scenario has different characteristics and different production requirements. Consequently, the computing time and the function objective value will be different.
Global results
The tests were carried out by using CPLEX 12.3 on an Intel Core i5 2.3 GHz processor with 4 GB of memory. In the used real-world case, the computing time of the proposed model is relevant, in order to be considered as support decisions tool for a short period term. Indeed, computing time must be efficient according to the planning horizon. Figure 1 shows the results of the used computing time to find the optimal solution. The behavior for months A and C are similar respect to the computing time. It can be inferred by the fact of the relations with the total number of kilograms used by the company. In the case of month B, the computing time is smaller because the amount is only almost by thirty tons. The proposed instances consider seventy products, five work stations, three shifts, and a planning horizon of twenty four days. Table 2 details the costs obtained for each instance. We have compared the final results with the traditional planning method used by the company. It is worth to note that the proposed model outperforms the currently planning method respect to the overall cost. Indeed, the main reductions of the costs occur in backorder cost and inventory cost.
Performance of the objective function

Lot size
The lot size is a significant issue related to the efficiency and the cost of the production program. In a multi-product environment, a big lot size for a given product can delay the production of the other products. This situation is consequence of the shared resources (machines and hard-work force). In the previously traditional planning method, the considered lots had an average of two thousand kilograms. The proposed ILP model is able to find a more equitable replenishment of the different products. Smaller lots are found as described Table  3 . In this table, the following notation is used: Average is the average size of the lots, STD is the standard deviation for scheduled lots, Q1 is the first quartile (lowest 25% of lots), Q2 is the second quartile (data set in half),and Q3 is the third quartile, lowest 75%.
The obtained lot sizes consider less than 1700 kg. Indeed, this lot size permits to produce many products frequently keeping healthy stocks levels, and avoiding stock-outs.
Efficiency analysis
We have added some new variables and constraints to the proposed ILP model. These variables and constraints allow estimating other performance measures. The variables at represent the scheduled time and variables st represent the total time spent during setups. Table 4 shows scheduled time, setup time, and efficiency.
The results of the proposed ILP model are slightly better than those proposed by the traditional planning method. In the traditional planning method bigger lots are chosen, so the efficiency is increased. Nevertheless, matching the demands of many products for a given month must be changed decreasing the efficiency of the system. 
Concluding remarks
We have proposed an effective ILP formulation for a multi-product lot-sizing problem. The results show that ILP model outperforms the traditional planning method used by the real-world company. The objective function considers holding costs, backorder costs, and overtime costs. This approximation allows establishing requirements without additional costs. The minimum lot size and the simultaneity of the requirements for different products are the main conditions to stock a certain amount of inventory.
The total computing time of the proposed ILP model is considerably high because the number of variables and constraints. Moreover, since the multi-product lot-sizing problem is a monthly planning problem, the model is not solved frequently. Therefore, the computing time remains in an acceptable range for a tactical decision like multi-product lot-sizing problem. Additionally, results with a 10% gap respect to the optimal solution can be obtained, within short computing times. These values could be used as an approximation method for production planning by the real-world company.
In a multi-product environment, the size of each batch affects the level of inventory for a given product and the references which use the same resources (persons and machines). In particular, a common aspect is to schedule small batches (values range from a minimum batch operation and 1800 kilograms). 
